We present a general variational principle for the dynamics of impurity particles immersed in a quantum-mechanical medium. By working within the Heisenberg picture and constructing approximate time-dependent impurity operators, we can take the medium to be in any mixed state, such as a thermal state. Our variational method is consistent with all conservation laws and, in certain cases, it is equivalent to a finite-temperature Green's function approach. As a demonstration of our method, we consider the dynamics of heavy impurities that have suddenly been introduced into a Fermi gas at finite temperature. Using approximate time-dependent impurity operators involving only one particle-hole excitation of the Fermi sea, we find that we can successfully model the results of recent Ramsey interference experiments on 40 K atoms in a 6 Li Fermi gas [M. Cetina et al., Science 354, 96 (2016)]. We also show that our approximation agrees well with the exact solution for the Ramsey response of a fixed impurity at finite temperature. Our approach paves the way for the investigation of impurities with dynamical degrees of freedom in arbitrary quantum-mechanical mediums.
The behaviour of a quantum impurity immersed in a medium is a fundamental problem in physics, having relevance to phenomena ranging from the orthogonality catastrophe [1] to Fermi liquid theory [2] . In addition to displaying interesting effects in their own right, quantum impurity problems can be used to build up more complex many-body systems, such as a finite density of impurities [3] . They can also be used as a probe of correlations and entanglement in a quantum-mechanical medium [4] .
Recent advances in cold-atom experiments have enabled a greater variety of quantum impurity problems to be investigated. The scenario of an impurity in a Bose Einstein condensate (the so-called "Bose polaron") has been successfully realized in experiment [5] [6] [7] and could potentially provide insight into bosonic mediums in general [8] . For instance, there is the prospect of a universal Bose polaron in the regime where the boson-impurity scattering length is tuned to infinity [9] . Similarly, experimental investigations of impurities in a Fermi gas (i.e., "Fermi polarons") [10] [11] [12] [13] [14] [15] [16] have deepened our understanding of quasiparticles in both quantum gases [17] [18] [19] [20] [21] [22] [23] [24] [25] and the solid state [26, 27] . In particular, recent coldatom experiments have observed the formation of Fermi polarons and their out-of-equilibrium dynamics [15] , thus opening up an arena in which to explore non-equilibrium phenomena in a controlled manner.
However, a major theoretical challenge is how to include the effects of temperature when modelling the behavior of quantum impurities, since this introduces two complications. First, one must consider a medium that is in a mixed rather than a pure state. Second, one may also need to perform a thermal average over the impurity's dynamical degrees of freedom (such as the initial impurity momenta in the case of mobile impurities). Thus far, theoretical works on Fermi and Bose polarons at finite temperature have focused on pinned impurities [28] [29] [30] , weak impurity-medium interactions [31] , the virial expansion [32] , and approximate diagrammatic approaches [33, 34] .
In this letter, we present a time-dependent variational principle for the quantum impurity problem that can, in principle, handle any mixed state of the medium. The key simplification is to construct approximate timedependent impurity operators that are then applied to a static medium. We apply our variational approach to the dynamics of heavy impurities that are suddenly introduced into a Fermi gas at finite temperature. For the simplest approximation of the dynamics, our approach is equivalent to ladder diagrams within a finite-temperature Green's function approach. However, the variational calculation can be easily extended to describe more complex scenarios such as impurities that are initially entangled with the medium. Moreover, our method conserves the total probability of the system, which is not always the case in diagrammatic approximations. Our approach compares well with exact results for a fixed impurity in a finite-temperature Fermi gas, and allows us to accurately model experiments on 40 K atoms in a 6 Li Fermi gas [15] .
Variational principle.-To tackle finite temperature, we separate the time dependence of the impurity dynamics from the thermal average over all states of the medium, and consider the impurity annihilation operator at time t within the Heisenberg picture:
Here, we assume a time-independent HamiltonianĤ for t > 0, and we work in units where , k B , and the system volume are all set to 1. For the moment, we suppress the impurity's dynamical degrees of freedom (e.g., momentum) and we assume that the impurity is non-interacting with the medium at t = 0, i.e.,ĉ(0) ≡ĉ. However, the formalism can be easily generalized to include more complex initial states, as we will see below.
To proceed, we consider the Heisenberg equation of motion for the impurity operator, i∂ tĉ (t) = [ĉ(t),Ĥ]. The exact time-dependent operator will obey this equation; however in general we will work with operatorsĉ(t) that only satisfy this approximately. Thus, inspired by other time-dependent variational principles [35, 36] , we define an "error" operatorε(t) ≡ i∂ tĉ (t) − [ĉ(t),Ĥ], and then we minimize the average quantity
Here, the trace is over all realizations of the medium, andρ 0 is the medium density matrix. Importantly, our variational approach can be applied to any mixed state of the medium, but in the following we restrict ourselves to a thermal state at temperature T . Then we haveρ 0 = exp −βĤ 0 /Z 0 , withĤ 0 the medium-only Hamiltonian, β ≡ T −1 , and partition function Z 0 = Tr exp − βĤ 0 . In the following, we define · · · β ≡ Tr [ρ 0 · · · ]. We now expandĉ(t) ≡ j α j (t)Ô j , where α j (t) are time-dependent coefficients andÔ j are time-independent operators consisting of unique products of impurity and medium operators. In general there is an infinite number of such operators, and the key is to limit ourselves to states that form an appropriate variational basis for the problem at hand. Substituting the expansion into Eq. (2), imposing the minimization condition ∂∆/∂α * j = 0, and using the orthogonality of the operatorsÔ j , i.e., Ô jÔ † l β = 0 when j = l, we obtain
This key equation determines how the expansion coefficients α j (t) in the approximate impurity operatorĉ(t) vary in time. As opposed to the exact Heisenberg equation of motion, we see from Eq. (3) that the timedependence of the impurity operator is controlled by the mixed state of the medium. This is a natural consequence of using a truncated basis of operators within our variational approach. From Eq. (3), it is straightforward to demonstrate that our variational approach is conserving in the sense that the total probability ĉ(t)ĉ † (t) β is constant (i.e., remains 1) throughout the time evolution [37] . Moreover, the proof of probability conservation makes no reference to the initial conditions, and it holds even when the Hamiltonian is explicitly time dependent.
For a time-independentĤ, we can consider the stationary solutions of Eq. (3), i.e., α j (t) ≡ e −iEt α j . In that case, we may solve a set of linear equations for the coefficients, resulting in the eigenvectors α (n) j with eigenvalues E n . The associated stationary impurity operatorŝ φ n ≡ j α (n) jÔ j may be chosen to be orthonormal under a thermal average, i.e., φ mφ † n β = δ mn . Since the total probability is conserved, these operators provide a complete basis for the approximate impurity operators and we thus haveĉ
where the thermal average allows us to take into account the boundary condition at time t = 0. We can then construct the relevant experimental observables by taking averages over products of the impurity operators.
A particular scenario of interest is where an initially non-interacting impurity is suddenly coupled to the medium through a quench of the system parameters. The many-body response to the introduction of the impurity can be probed via Ramsey interferometry [15] , which yields the time-dependent overlap [28, 29] 
whereĤ i is the initial non-interacting Hamiltonian and E i is the initial energy of the impurity. This so-called Ramsey response is also intimately connected to the energy spectrum of the system, since it corresponds to the Fourier transform of the impurity spectral function [28, 29] .
Finally, we emphasize that our approach may be naturally extended to systems evolving under a series of timeindependent Hamiltonians (or a time-dependent Hamiltonian via Trotterization). Within each such interval, we solve for the expansion coefficients using Eq. (3), and then impose the boundary conditions arising from the previous evolution via the thermal average in Eq. (4) .
Impurity in a Fermi sea.-To demonstrate the utility and accuracy of our finite-temperature variational approach, we consider the quench dynamics of a spin-↓ impurity immersed in a spin-↑ Fermi sea. We model the interactions using a two-channel Hamiltonian [38] 
Here,ĉ † kσ andb † k respectively create spin-σ fermions and closed-channel molecules with momentum k, while
where m σ is the spin-σ fermion mass and ν is the bare detuning of the closed channel. g is the strength of the coupling between the open and closed channels. From the lowenergy scattering amplitude at relative momentum k, f (k) = −1/(a −1 + R * k 2 + ik), the range parameter is R * = π m 2 r g 2 , while the s-wave scattering length a is obtained via the prescription mr To apply our variational approach, we take the approximate time-dependent operators to be of the form
where q specifies the initial impurity momentum. This form mirrors the zero-temperature variational approach to the impurity wave function first introduced in Ref. [18] , and applied to impurity dynamics in Refs. [15, 39] . Taking the stationary condition for the operator in Eq. (6) yields the coupled set of equations [37] (
where we have defined ε q;k1k2 = k2−k1+q,↓ + k1↑ − k2↑ , ε q;k = q+k,M − k↑ , and we will take ĉ † k↑ c k↑ β ≡ f k↑ to be the Fermi-Dirac distribution of the ↑ Fermi sea.
For the simplest quench scenario, where an impurity at momentum q is initially non-interacting with the Fermi sea, we have the Ramsey response
where we have used Eq. (4) to obtain the approximate expression in terms of variational parameters. In practice, we will initially have a finite density of impurities in thermal equilibrium with the medium. Since the momentum of the impurity operator is preserved during the dynamics, we can thermally average over the initial momenta at the end of the calculation, yielding
q e −β q↓ S q (t). However, we stress that since we are not explicitly including correlations between impurities, the validity of such an approach is limited to a low density of impurities.
Dynamics of a static impurity.-In the particular case of a static (infinitely heavy) impurity in a Fermi sea, the quantum dynamics can be solved exactly [29, 40, 41] since it reduces to solving for the single-particle states of the Fermi sea in the presence of a fixed potential [37] . Therefore, this provides a benchmark for our theory. Moreover, since there is no impurity momentum, we can ignore q in Eq. (8) (i.e., S(t) ≡ S 0 (t)) and we need only consider the effects of temperature on the medium. Figure 1 displays a comparison of our variational results with the exact solution for three different interaction regimes: repulsive (1/a > 0), attractive (1/a < 0) and the unitary limit (1/a = 0). We see that our approach captures the short-time Ramsey response exactly, as expected from perturbative calculations [39] , and it only noticeably deviates from the exact result for times t 10τ F at low temperatures. Note that our singleexcitation approximation cannot describe the orthogonality catastrophe [1] , which governs the long-time behavior of the fixed impurity at T = 0 [28, 29] . However, our approximation will match the exact result when T T F since it contains the leading order contributions to the virial expansion. In general, thermal effects lead to an exponential decay of the amplitude |S(t)| at long times [14, 42, 43] , while the phase of S(t) is determined by the dominant quasiparticle peaks in the energy spectrum, which are less sensitive to temperature. These features are all well-described within the variational approach. However, we find that our approximation underestimates the decoherence rate for the repulsive case at intermediate temperatures, 0.1 T /T F 1 [37] .
Comparison with experiment.-For the case of heavy 40 K impurities in a 6 Li gas [15] , the quench dynamics involved a preparation sequence during which the impurities were weakly interacting with the Fermi gas. We model this using a two-step quench as in Ref. [15] , which modifies the Ramsey response in Eq. (8) to
where we define operatorsĉ q↓,t1 (0) = e iĤ1t1ĉ q↓ e −iĤ1t1 , c q↓,t1 (t) ≡ e iĤtĉ q↓,t1 e −iĤt , andĤ 1 is the Hamiltonian (with associated scattering length a 1 ) applied for a time t 1 just before and after the time evolution governed bŷ H. Equation (9) can easily be evaluated within our variational approach by modifying the initial condition in Eq. (4) [37] .
In Fig. 2(a-f) , we see that the calculated Ramsey response is in good agreement with the experimental data from Ref. [15] , without the use of any fitting parameters. In particular, we find that we require the thermal average over impurity momentum, as well as the thermal state of the Fermi gas, in order to accurately model the response [37] . Our approach also reproduces the impurity spectral function A(ω) = Re ∞ 0 dt π e −iωt S(t) [37] measured in radio-frequency spectroscopy, as shown in Fig. 2(g-i) . The discrepancy at long times in Fig. 2(a) suggests that the approximation does not fully capture the decoherence rate of the repulsive branch, which is consistent with Fig. 1 . Moreover, for the calculated spectra, we find that we must apply an additional broadening to the repulsive peak to achieve the excellent theoryexperiment agreement in Fig. 2(g) [37] .
Relationship to diagrammatic approaches.-Solving Eqs. (7) for the energy yields the expression
, which corresponds to the pole of the impurity Green's function, E = q↓ + Σ(q, E), where Σ(q, E) is the impurity self energy calculated using ladder diagrams at finite temperature [34] . Therefore, our variational method is equivalent to a finite-temperature Green's function approach -indeed, the Ramsey response in Eq. (8) is simply proportional to the time-dependent impurity Green's function. However, our formulation has the advantage that it can be readily adapted to describe more complex quench protocols, like Eq. (9).
Conclusions.-We have developed a general variational approach for impurity dynamics and we have used it to successfully model a heavy impurity in a Fermi gas at finite temperature. Our results suggest that the dynamics observed in experiment is well described by approximations with a single excitation of the Fermi sea, and that the effect of the impurity mass is masked by residual interactions during the preparation, as well as by thermal fluctuations. Our method paves the way for further investigations of quantum impurities, involving different variational operators (e.g., derived from coherent states) or other scenarios, such as the Bose polaron.
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Here we list the expressions for all variables in the above equation:
where
where f k↑ is the Fermi-Dirac distribution as mentioned in the main text. Note that we can use Wick's theorem [44] to rewrite thermal averages over several operators in terms of products of averages over operator pairs. For instance,
As a non-trivial example, in the following we encounter thermal averages such as c † k1↑ c k2↑ c † k3↑ c k4↑ β where k 1 = k 2 and k 3 = k 4 . We thus have
We then use
where in the last step we have rearranged the equation and used c † k↑ c k↑ β = f k↑ . To derive the variational equations, we then consider these term by term:
• j = 0 in Eq. (S4). Writing out Eq. (S4) with the help of Eq. (S5), we have
In Eq. (S8) only terms including O k survive from the thermal average, which gives −α k k↑ c † k↑ c k↑ β . In Eq. (S9), all O l terms survive from the thermal average but they pick out different terms from the Hamiltonian:
It is straightforward to see that Eq. (S10) gives α k1k2 k1↑ − k2↑ c k1↑ c † k1↑ β c † k2↑ c k2↑ β , while in Eq. (S11) the O k and O k1k2 terms will survive:
In summary, we put q back into the subscript of α j and we have
(S12)
where we have divided out all the common factors arising from the thermal averages. This recovers Eq. (7) of the main text. Furthermore, we note that the orthonormality of the stationary operators, φ mφ † n β = δ mn , means that
Exact solution for a static impurity
In the case of a static impurity, the momenta of impurities and closed-channel molecules become trivial and then the explicit expressions ofĤ 0 andĤ may be written aŝ
where we expandĉ k↑ = lm (2π/k)Y lm (θ, φ)ĉ klm with the help of the spherical harmonics Y lm whose orthonormality condition is Y lm (θ, φ)Y l m (θ, φ) sin θ dθ dφ = δ ll δ mm . From Eq. (S14), we can see that only the mode (l = 0, m = 0), the s-wave mode, is coupled with the closed channel so only these modes need to be considered in the computation.
The Ramsey response may be calculated exactly using a functional determinant approach [29, 40, 41] . Accordingly, the overlap may be written as
wheren = 1/ e β(ĥ0−µ) + 1 is the occupation operator with µ the chemical potential.ĥ 0 andĥ are the single-particle counterparts ofĤ 0 andĤ.
Relationship between the spectral function and the Ramsey response
The spectral function A(ω) can be extracted from the Fourier transform of S(t) [45] :
In the results displayed in the main text, we have convolved the delta function in Eq. (S16) with a Gaussian distribution of width σ. This mimics an experimental broadening due to the finite length of the radio-frequency pulse. Specifically, in panels (g-i) of Fig. 2 we have applied a broadening of 0.06 τ F , 0.03 τ F , and 0.1 τ F , respectively. The first of these is twice what was reported in the experiment [15] , while the other two exactly correspond to the broadening in experiment.
FIG. S1. The spectral function A(ω) corresponding to the static impurity Ramsey response shown in Fig. 1 . We show our variational results for T = 0 (dashed) and T = 0.2TF (solid). From left to right: repulsive, attractive and unitary interactions with the same parameters as in Fig. 1 . We have applied a small Gaussian broadening of width σ = 0.04 τF.
In Fig. S1 we show the spectral function for a static impurity calculated within our variational approach using the same interaction parameters as in Fig. 1 of the main text. For the repulsive case, we see that the temperature has little effect on the spectrum, it just slightly decreases the height of the peak. In the attractive case, on the other hand, the distinct attractive peak that exists at negative energy for zero temperature is seen to merge with the continuum at positive energy when the temperature increases. This is due to the temperature causing a broadening of the peak. This is in turn what leads to the significant difference in the phase at zero and finite temperature, see Fig. 1(e) . For the unitary case, the clear oscillation of the phase that occurs at zero temperature due to the interference of the repulsive and attractive branches, see Fig. 1(f) , is suppressed at finite temperature. This again occurs because the thermal excitations broaden the attractive peak.
Effect of temperature on the Ramsey response FIG. S2. Ramsey response for a static impurity for interactions tuned to the repulsive side, with 1/(kFa) = 1 and kFR * = 1, the scenario also depicted in Fig. 1(a) of the main text. We show the results for different temperatures calculated within the exact approach (green) and the variational method (blue). Figure 1 of the main text demonstrated that our approach works very well both at zero temperature and at finite temperature. However, we observed that the finite temperature decoherence rate in the repulsive case is underestimated in our approximation. To further investigate this, in Fig. S2 we show the Ramsey response of a static impurity for the repulsive case for several temperatures. By comparing with the exact solution, we conclude that our approach is near exact both when T 0.1 T F and when T T F . The latter is to be expected, since our approach correctly reproduces the leading order of the virial expansion. Hence, the thermal decoherence is only underestimated in a temperature range 0.1 T F T T F . In all panels kFR * = 1.1 and t1 = 4.0 τF. We show our variational results for four scenarios: A single zero-momentum impurity in a T = 0 Fermi sea (blue, dashed); a zero-momentum impurity in a finite temperature Fermi sea (red, dotted); a Boltzmann gas of impurities with a T = 0 Fermi sea (black, dot-dashed); and a Boltzmann gas of impurities in a Fermi sea at finite temperature as shown in the main text (blue, solid).
Finally, in Fig. S3 , we see that in order to accurately model the experiment [15] , both the finite-temperature bath and the thermal average over impurity momenta are important. Indeed, taking only one or the other into account yields very comparable results (red dotted, and black dash-dotted lines in Fig. S3 ), and the final result (blue solid line) is significantly different from both of those approximations.
